Gravitational theories with fixed background fields break diffeomorphism invariance. This breaking can be spontaneous or explicit. A brief summary of the main consequences of these types of breaking is presented.
Introduction
Violation of local Lorentz invariance is a feature of many theoretical models that attempt to merge General Relativity (GR) with quantum physics and the Standard Model (SM) of particle physics. The Standard-Model Extension (SME) is the theoretical framework used by theorists and experimentalists to search for possible signals of Lorentz violation.
1,2 The SME is constructed as the general observer-independent effective field theory that incorporates breaking of local Lorentz invariance. The Lorentz-violating interactions in the SME Lagrangian consist of contractions of gravitational and SM fields with fixed background fields referred to as SME coefficients. Experiments with sensitivity to Lorentz breaking make measurements that place bounds on the SME coefficients.
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In the gravity sector, the SME assumes general coordinate invariance so as to ensure observer and coordinate independence. At the same time, the SME coefficients act as fixed background fields that break both local Lorentz invariance (in local frames) as well as spacetime diffeomorphism invariance (in spacetime frames). These breakings can occur either through spontaneous symmetry breaking, where the backgrounds form as vacuum values of dynamical fields, or through explicit breaking. With explicit breaking, the background fields appear directly in the Lagrangian as pre-existing nondynamical fields. The presence of such nondynamical backgrounds can lead to conflicts with the Bianchi identities, while spontaneous breaking evades this problem. 4 To avoid the conflicts associated with explicit breaking, the SME assumes that the background fields arise from a process of spontaneous symmetry breaking.
In the following section, a brief summary is given of what the consequences are when a gravitational theory includes a fixed background field.
5
In particular, the differences between spontaneous and explicit symmetry breaking are considered in relation to the Bianchi identities. The counting of degrees of freedom is considered as well, and comparisons are made to the symmetry-preserving case of Einstein's GR.
Spontaneous versus Explicit Breaking
For simplicity in this analysis, Riemann spacetime described by an EinsteinHilbert term can be used, and the Lorentz-breaking sector can be restricted to a potential term involving only a generic backgroundk λµν··· and the metric. The action is then given as
The fixed background breaks diffeomorphism invariance. Local Lorentz symmetry is broken as well; however, its treatment typically involves using a vierbein formalism. By restricting to a metric description it suffices in this context to focus only on the diffeomorphism breaking. A potential conflict involving the Bianchi identities can be seen by performing a general coordinate transformation, x µ → x µ + ξ µ , and using the fact that the action is invariant. This gives the off-shell condition:
In deriving this condition, the vectors ξ µ are assumed to vanish on the boundary, and the contracted Bianchi identities, D µ G µν = 0, are used. When the Einstein equations hold, D µ T µν must vanish, which is also a result of the contracted Bianchi identities. Consistency of the theory requires that the integral of the second term in (2) must therefore vanish on shell.
With explicit diffeomorphism breaking, the backgroundk λµν··· is nondynamical, and the variation of the potential U with respect to it need not vanish. In addition, the Lie derivative, L ξkλµν··· , is assumed to be nonzero, since the background breaks diffeomorphism invariance. As a result, the integrand in (2) is nonzero, and there is potentially a conflict with the Bianchi identities if the integral does not vanish.
In contrast, when the breaking is spontaneous, the background arises as a dynamical vacuum solution given as a vacuum expectation value,k λµν··· = k λµν··· . In this case, the variation of the potential U with respect to the background vanishes, and there is no conflict with the Bianchi identities.
It is primarily for this reason, and to avoid having pre-existing nondynamical fields in a gravitational theory, that the SME assumes the symmetry breaking is spontaneous.
However, the case of explicit breaking can be examined further, and it is found that evasion of the conflict with the Bianchi identities can occur. This is because the integrand in (2) can be shown to equal a total divergence:
Therefore, as long as the right-hand side of this expression exists and does not vanish, then the integral in (2) equals zero and there is no conflict with the Bianchi identities.
Examples of theories where the total derivative does not exist are known, and such theories are either inconsistent or only exist for particular choices of spacetime geometry or when additional conditions apply. 5, 6 On the other hand, there are large classes of theories where the total derivative does exist, and for these theories there is no conflict with the Bianchi identity.
In the absence of dynamics for the background field, the reason why D µ T µν = 0 can hold is because the metric has four additional degrees of freedom when diffeomorphism invariance is explicitly broken. As long as the metric has sufficient coupling with the nondynamical backgroundk λµν··· , then the four extra modes in the metric can conspire together to impose the four equations D µ T µν = 0. This behavior does not occur in GR or when diffeomorphism invariance is spontaneously broken. In those cases, covariant energy-momentum conservation holds as a result of the equations of motion for the dynamical fields, and four degrees of freedom in the metric remain gauge degrees of freedom.
Summary and Conclusions
Gravitational theories with background fields break diffeomorphism invariance. If the breaking is explicit, it is due to the appearance of pre-existing nondynamical background fields in the action. However, such a theory must still be invariant under general coordinate transformations to maintain observer independence. As a result, the condition, D µ T µν = 0, which follows from Einstein's equations and the contracted Bianchi identity, can then hold only if the integral of the right-hand term in (2) equals zero. From this condition different outcomes can occur, depending in general on the extent to which the metric couples with the background. In cases where there is little or no coupling, the theory is either inconsistent or the spacetime geometry must be restricted. However, in cases where the metric couples in a way that allows the total-derivative on the right-hand side of (3) to exist, then the conflict with the Bianchi identities is avoided. The theory then has four extra degrees of freedom in the metric, and it is these degrees of freedom that impose the conditions D µ T µν = 0. However, when the symmetry breaking is spontaneous, the background k λµν··· arises dynamically. The variations of the potential U with respect to the background then vanish in (2), and there is no conflict with the Bianchi identities. Theories with spontaneous diffeomorphism breaking therefore maintain many of the usual features that occur in GR. For example, when the Nambu-Goldstone and massive excitations for the background field are included, diffeomorphism invariance of the action is restored, 7 and the metric again has four gauge degrees of freedom. In this case, the equations D µ T µν = 0 follow as a result of the dynamics of the background field. The SME assumes that the background coefficients arise at a fundamental level from spontaneous breaking of local Lorentz and diffeomorphism invariance. They are therefore not pre-existing and instead arise as vacuum values of dynamical fields. In developing weak limits and a PostNewtonian framework from the gravity sector of the SME, the additional Nambu-Goldstone and massive excitations for the background fields must be taken into account. Remarkably, in many cases of interest, the conditions of diffeomorphsim invariance and the Bianchi identities allow the background excitations to be eliminated in terms of expressions involving only the metric, curvature, and their derivatives. 8, 9 It is in this way that a useful phenomenological framework for testing Lorentz violation in gravity is derived.
